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1 Introduction

The heat kernel is one of the most powerful tools in math-
ematical physics and geometric analysis (see, for example
the books [27, 20, 28, 17, 29] and reviews [2, 22, 13, 16,
19, 33]). In particular, it is widely used to study the prop-
agators of quantum fields and the effective action in quan-
tum field theory and the correlation functions and the parti-
tion function in statistical physics. The short-time asymp-
totic expansion of the trace of the heat kernel determines
the so-called spectral invariants of the differential operator
in question which is intimately related to the renormaliza-
tion of quantum field theories [22, 17, 33, 29], the high-
temperature expansion in statistical physics [28], the dy-
namics of integrable systems, in particular, the Korteweg-
de Vries hierarchy [28, 18], as well as spectral geometry
and index theorems [27].

There has been a tremendous progress in the explicit
calculation of spectral asymptotics in the last thirty years
[26, 2, 3, 4, 6, 32, 35] (see also [27, 16, 19, 33, 29] and

∗E-mail address: iavramid@nmt.edu

the references therein). However, due to the combinato-
rial explosion in the complexity of the spectral invariants
further progress in the “brute force” approach is unlikely,
even if employing computer software for symbolic calcula-
tions. The results are so complicated that it requires about
twenty pages to describe them [32, 35]. It seems that the
further progress in the study of spectral asymptotics can
be achieved by restricting oneself to operators and mani-
folds with high level of symmetry, for example, homoge-
neous and symmetric spaces, which enables one to em-
ploy powerful algebraic methods. In some very special
particular cases, such as group manifolds, spheres, rank-
one symmetric spaces, split-rank symmetric spaces etc, it
is possible to determine the spectrum of the differential op-
erator exactly and to obtain closed formulas for the heat
kernel in terms of the root vectors and their multiplicities
[1, 22, 23, 24, 28, 25]. The complexity of the method
crucially depends on the global structure of the symmet-
ric space, most importantly its rank. Most of the results
for symmetric spaces are obtained for rank-one symmetric
spaces only. However, it is well known that the spectral
asymptotics are determined essentially by local geometry.
They are polynomial invariants in the curvature with uni-
versal constants that do not depend on the global properties
of the manifold. It isthis universal structure that we are
interested in this paper. We will report on our results ob-
tained in the paper [12] (see also [8]). Related problems in
a more general context are discussed in [9, 11, 14].
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2 Spectral Asymptotics

2.1 Laplacian

Let (M,g) be a smoothn-dimensional compact Rieman-
nian manifold without boundary with a positive definite
Riemannian metricg. Let TM and T∗M be the tangent
and cotangent bundles of the manifoldM. The metricg
defines in a natural way the Riemannian volume element
dvol onM. LetC∞(M) be the space of smooth real-valued
functions onM. Using the invariant Riemannian volume
elementdvol on M we define the naturalL2 inner product
in C∞(M), and the Hilbert spaceL2(M) as the completion
of C∞(M) in the corresponding norm.

The metric also defines the torsion-free compatible con-
nection∇TM on the tangent bundleTM, so called Levi-
Civita connection. Using the Levi-Civita connection we
naturally obtain connections on all bundles in the tensor
algebra overTM andT∗M; the resulting connection will
be denoted just by∇. It is usually clear which bundle’s
connection is being referred to, from the nature of the sec-
tion being acted upon. With our notation, Greek indices,
µ,ν, . . . , label the local coordinatesx = (xµ) on M and
range from 1 throughn. Let∂µ be a coordinate basis for the
tangent spaceTxM at a pointx∈M anddxµ be dual basis
for the cotangent spaceT∗x M. We adopt the notation that
the Greek indices label the tensor components with respect
to local coordinate frame and range from 1 throughn. We
also adopt the Einstein convention and sum over repeated
indices.

Let ∇∗ :C∞(T∗M)→C∞(M) be the formal adjoint of∇ :
C∞(M)→C∞(T∗M) with respect to theL2 inner product.
A partial differential operator∆ : C∞(M)→C∞(M) of the
form

∆ =−∇∗∇ = gµν∇µ∇ν (2.1)

is called the scalar Laplacian. In local coordinates the
Laplacian is a second-order partial differential operator of
the form

∆ = |g|−1/2∂µ|g|1/2gµν∂ν , (2.2)

where|g|= detgµν. It is easy to see that the principal sym-
bol of the operator(−∆) is

σL(−∆;x,ξ) = gµν(x)ξµξν , (2.3)

whereξ ∈ T∗x M is a covector.

2.2 Heat Kernel

The following is known about the operator(−∆) [27]. First
of all, it is elliptic and self-adjoint. More precisely, it is
essentially self-adjoint, i.e. it has a unique self-adjoint ex-
tension toL2(M). Second, the operator(−∆) has a posi-
tive definite leading symbol. The spectrum of such oper-
ators forms a real nondecreasing sequence,{λk}∞

k=1, with
each eigenspace being finite-dimensional. The eigenvec-
tors{ϕk}∞

k=1 are smooth functions and form an orthonor-
mal basis inL2(M). Moreover, ask→ ∞ the eigenvalues
increase asλk∼Ck2 ask→∞, with some positive constant
C. These facts lead to the existence of spectral asymptotics
that will be discussed below.

The heat semi-group is a one-parameter family of
bounded operatorsU(t) = exp(t∆) : L2(M) → L2(M) for
t > 0. The integral kernelU(t|x,x′) of this operator, called
the heat kernel, is defined by

U(t|x,x′) =
∞

∑
k=1

e−tλkϕk(x)ϕk(x′), (2.4)

where each eigenvalue is counted with multiplicities. It
satisfies the heat equation

(∂t −∆)U(t|x,x′) = 0 (2.5)

with the initial condition

U(0+|x,x′) = δ(x,x′) , (2.6)

whereδ(x,x′) is the Dirac delta-function. Fort > 0 the heat
kernel is a smooth function onM×M with a well defined
diagonal

Udiag(t|x) = U(t|x,x) . (2.7)

2.3 Spectral Invariants

For any t > 0 the heat semi-groupU(t) = exp(t∆) is a
trace-class operator with a well definedL2 trace, called the
heat trace,

TrL2 exp(t∆) =
Z

M

dvol Udiag(t) =
∞

∑
k=1

e−tλk. (2.8)

The heat trace is obviously a spectral invariant of the op-
erator(−∆). It determines other spectral functions by in-
tegral transforms. In particular, the zeta-function,ζ(s,λ),
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is defined as theL2 trace of the complex power of the op-
erator(−∆−λ),

ζ(s,λ)= TrL2(−∆−λ)−s=
1

Γ(s)

∞Z

0

dt ts−1etλ TrL2 exp(t∆),

(2.9)
wheres andλ are complex variables withReλ < λ1 and
Res> n/2.

The zeta function enables one to define, in particular, the
regularized determinant of the operator(−∆−λ),

DetL2(−∆−λ) = exp

{
− ∂

∂s
ζ(s,λ)

∣∣∣
s=0

}
, (2.10)

which determines the one-loop effective action in quantum
field theory.

2.4 Asymptotic Expansion

It is well known that the heat kernel diagonal has the fol-
lowing asymptotic expansion ast → 0+ [27]

Udiag(t)∼
∞

∑
k=0

tkak . (2.11)

The coefficientsak are called local heat kernel coefficients.
They are scalar polynomials in the curvature and its co-
variant derivatives which are known explicitly up toa5. In
particular,

a0 = 1,

a1 =
1
6

R, (2.12)

a2 =
1
30

∆R+
1
72

R2− 1
180

RµνRµν +
1

180
RµναβRµναβ ,

whereRµναβ is the Riemann tensor,Rµν = Rα
µαν is the

Ricci tensor andR = Rµν
µν is the scalar curvature. The

coefficienta3 was computed in [26]. The coefficienta4

was first computed in [2] and published in [3, 4, 6] (see
also [17]). The coefficienta5 was computed in [32, 35].

The asymptotic expansion of the heat kernel diagonal
can be integrated over the manifold to give the asymptotic
expansion of the heat trace ast → 0

TrL2 exp(t∆)∼ (4πt)−n/2
∞

∑
k=0

tkAk , (2.13)

where
Ak =

Z

M

dvol ak . (2.14)

This is the famous Minakshisundaram-Pleijel asymptotic
expansion. The coefficientsAk are spectral invriants of the
Laplacian. They are often called global heat kernel coef-
ficients or Hadamard-Minakshisundaram-De Witt-Seeley
(HMDS) coefficients. This expansion is of great impor-
tance in differential geometry, spectral geometry, quantum
field theory and other areas of mathematical physics, such
as the theory of Huygens’ principle, heat kernel proofs of
the index theorems, Korteweg-De Vries hierarchy, Brown-
ian motion etc. (see, for example, [28]).

The general structure of the heat kernel coefficients can
be described as follows [6, 16, 17, 19]. We define symmet-
ric tensorsK( j) of type (2, j) (that we call symmetric jets
of order( j − 2)) as symmetrized covariant derivatives of
the curvature

K( j)
αβ

µ1...µj = ∇(µ1
· · ·∇µj−2R

α
µj−1

β
µj ) , (2.15)

where the parenthesis denote the complete symmetriza-
tion over all indices included. Next, we define all possible
scalar (orthogonal) invariants of the form

JA
m,n = trA

g K(n1+2)⊗·· ·⊗K(nm+2) , (2.16)

wheren = (n1, . . . ,nm) is a multiindex,|n|= n1+ · · ·+nm,
andtrg denotes contraction with the metric to get a scalar.
The indexA labels all possible contractions. All invariants
JA

m,n havem curvatures and|n| derivatives of the curva-
tures. The classification of these invariants is a separate
interesting problem.

Then the local heat kernel coefficients have the grading
according to the number of derivatives, that is,

ak =
k

∑
m=1

ak,m, (2.17)

where
ak,m = ∑

n≥0; |n|=2k−2m
∑
A

CA
n JA

m,n , (2.18)

whereCA
n are some universal constants. Notice that the

dimension of the space of invariantsJA
m,n grows as a fac-

torial for largek. This makes a direct explicit calculation
of the heat kernel coefficients for largek meaningless.

The leading terms in the heat kernel coefficients with
the highest number of derivatives were computed in [2, 5,
6, 21]. They have the form

Ak =
Z

M

dvol
(−1)kk!

2(2k+1)!

{
2Rµν∆k−2Rµν

+(k2−k−1)R∆k−2R+ · · ·
}

, (2.19)
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where the dots denote the terms with less derivatives. No-
tice that there are only two independent invariants.

We are interested in this paper in the opposite case, that
is, the terms

ak,k = ∑
A

CA
0 trA

g K(2)⊗·· ·⊗K(2) , (2.20)

with no derivatives at all. More precisely, we assume that
the curvature is parallel,

∇µRαβγδ = 0, (2.21)

in other words, we restrict ourselves to locally symmetric
spaces. This is a much more complicated case due to the
presence of more invariants and algebraic constraints on
the curvature tensor. This is an essentially non-perturbative
calculation. Explicit results exist only in some particular
cases.

3 Symmetric Spaces

We list below some well known facts from the theory of
symmetric spaces [34, 30, 31]. A Riemannian manifold
with parallel curvature is called a locally symmetric space.
A complete simply connected locally symmetric space is
called a globally symmetric space (or, simply, a symmetric
space). A symmetric space is said to be of compact, non-
compact or Euclidean type if all sectional curvatures are
positive, negative or zero. A product of symmetric spaces
of compact and noncompact types is called a semisimple
symmetric space. A general symmetric space is a product
of a Euclidean space and a semisimple symmetric space.

It should be noted that our analysis is purely local. We
are looking for a universal local generating function of the
curvature invariants in the category of locally symmetric
spaces, that adequately reproduces the asymptotic expan-
sion of the heat kernel diagonal. This function should give
all the terms without covariant derivatives of the curva-
tureak,k in the asymptotic expansion of the heat kernel, in
other words all heat kernel coefficientsak for any locally
symmetric space. It turns out to be much easier to obtain
a universal generating function whose Taylor coefficients
reproduce the heat kernel coefficientsak than to compute
them directly.

It is obvious that flat subspaces do not contribute to the
heat kernel coefficientsak. Therefore, it is sufficient to
consider only semisimple symmetric spaces. Moreover,
since the coefficientsak are polynomial in the curvatures,

one can restrict oneself only to symmetric spaces of com-
pact type. Using the factorization property of the heat ker-
nel and the duality between the compact and the noncom-
pact symmetric spaces one can obtain then the results for
the general case by analytic continuation. That is why we
consider below only compact symmetric spaces.

3.1 Holonomy, Isometry and Isotropy Groups

Let ea = eµ
a∂µ be a basis for the tangent spaceTxM. Let

ea
µ be the matrix inverse toeµ

a, defining the dual basis
ωa = ea

µdxµ in the cotangent spaceT∗x M. We extend these
bases by parallel transport along geodesics to get local
frames on the tangent bundle and the cotangent bundles,
and, therefore, on any tensor bundle, that are parallel along
geodesics. We adopt the notation that the Latin indices
from the beginning of the alphabet,a,b,c, . . . , label the
tensor components with respect to this local frame and
range from 1 throughn. Then the frame components of
any parallel tensor (such as the curvature tensor) are con-
stant.

The components of the curvature tensor of a compact
symmetric space can be always presented in the form

Rabcd = βikEi
abE

k
cd (3.1)

whereEi
ab, (i = 1, . . . , p), with p≤ n(n−1)/2 being a posi-

tive integer, is a set of antisymmetricn×n matrices andβik

is some symmetric nondegenerate positive definitep× p
matrix. In the following the Latin indices from the middle
of the alphabet,i, j,k, . . . , will be used to denote such ma-
trices; they should be not confused with the Latin indices
from the beginning of the alphabet which denote tensor
components. The Latin indices from the middle of the al-
phabet will be raised and lowered with the matrixβik and
its inverse(βik) = (βik)−1.

Next we define the tracelessn× n matricesDi , by
(Di)a

b = Da
ib, where

Da
ib =−βikEk

cbg
ca. (3.2)

The matricesDi are known to be the generators of the
holonomy algebra,H , i.e. the Lie algebra of the restricted
holonomy group,H,

[Di ,Dk] = F j
ikD j , (3.3)

where F j
ik are the structure constants of the holonomy

group. The matrixβik plays the role of the metric of the
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holonomy group with the scalar curvature

RH =−1
4

βikFm
il F

l
km. (3.4)

The structure constants define the tracelessp× p matrices
Fi , by (Fi) j

k = F j
ik, which generate the adjoint representa-

tion of the holonomy algebra,

[Fi ,Fk] = F j
ikFj . (3.5)

Now, we go back to the equation (2.21). It is an overde-
termined system of partial differential equations. By tak-
ing the commutator of covariant derivatives we obtain the
integrability condition of this equation

Rf geaR
e
bcd−Rf gebR

e
acd+Rf gecR

e
dab−Rf gedR

e
cab = 0.

(3.6)
By using the decomposition of the Riemann tensor intro-
duced above we obtain from this equation

Ei
bcD

c
ka−Ei

acD
c
kb = E j

abF
i
jk . (3.7)

This is the most important equation that holds only in sym-
metric spaces; it is this equation that makes a Riemannian
manifold the symmetric space.

To explore further consequences of the equation (3.7)
we introduce a new type of indices, the capital Latin in-
dices,A,B,C, . . . , which split acording toA = (a, i) and
run from 1 to N = p+ n. We define a symmetric nonde-
generate positive definiteN×N matrix

(γAB) =


 gab 0

0 βik


 . (3.8)

This matrix and its inverse(γAB) = (γAB)−1 will be used
to lower and to raise the capital Latin indices. Next, we
introduce a collection of new quantitiesCA

BC with the non-
vanishing components

Ci
ab = Ei

ab, Ca
ib =−Ca

bi = Da
ib, Ci

kl = F i
kl .

(3.9)
Let us also introduce rectangularp× n matricesTa by
(Ta) j

c = E j
ac and then× p matricesT̄a by (T̄a)b

i =−Db
ia.

Then we can defineN×N matricesCA = (Ca,Ci)

Ca =


 0 T̄a

Ta 0


 , Ci =


 Di 0

0 Fi


 , (3.10)

so that(CA)B
C = CB

AC.

Then the matricesCA satisfy the commutation relations

[CA,CB] = CC
ABCC , (3.11)

and generate the adjoint representation of the Lie algebra
G of some Lie groupG with the structure constantsCA

BC.
In more details, the commutation relations have the form

[Ca,Cb] = Ei
abCi , (3.12)

[Ci ,Ca] = Db
iaCb, (3.13)

[Ci ,Ck] = F j
ikCj , (3.14)

which makes it clear that the holonomy algebraH is the
subalgebra of the Lie algebraG .

The matrixγAB plays the role of the metric on the group
G with the scalar curvature

RG =−1
4

γABCC
ADCD

BC . (3.15)

It can be expressed in terms of the scalar curvatureR of
the symmetric spaceM and the scalar curvatureRH of the
isotropy subgroupH

RG =
3
4

R+RH . (3.16)

It is well known that for compact symmetric spaces the
group of isometries is isomorphic to the Lie groupG de-
fined in the previous section (for more details see [34, 12]).
The generators of isometries are the Killing vector fields
(ξA) = (Pa,Li), which form the Lie algebra of isometries

[ξA,ξB] = CC
ABξC , (3.17)

or

[Pa,Pb] = Ei
abLi , (3.18)

[Li ,Pa] = Db
iaPb , (3.19)

[Li ,Lk] = F j
ikL j . (3.20)

The vector fieldsLi form the isotropy subalgebra of the
isometry algebra, which is isomorphic to the holonomy
algebraH . Thus, a compact symmetric spaceM is iso-
morphic to the quotient space of the isometry group by the
isotropy subgroupM = G/H.

We will need the explicit form of the Killing vectors
fields in symmetric spaces. Let us fix a pointx′ in the man-
ifold M. Let d(x,x′) be the geodesic distance between a
pointx and the fixed pointx′ and

σ(x,x′) =
1
2
[d(x,x′)]2 . (3.21)
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Then the derivative∇µσ(x,x′) is the tangent vector to the
geodesic connecting the pointsx andx′ at the pointx. We
let

ya(x,x′) = gabeµ
b(x)∇µσ(x,x′) (3.22)

and
Ka

b = Ra
cbdy

cyd . (3.23)

Notice thatya = 0 atx = x′. Then one can choose the vari-
ablesya as new coordinates nearx′ and show that [12, 2, 6]

Pa =
(√

K cot
√

K
)b

a
∂

∂yb (3.24)

Li =−Db
iaya ∂

∂yb , (3.25)

whereK is an×n matrix with the entriesKa
b.

4 Algebraic Methods for the Heat Ker-
nel

4.1 Heat Semigroup

Let kA be the canonical coordinates on the isometry
groupG so that each isometry is represented in the form
exp〈k,ξ〉, where〈k,ξ〉= kAξA. Then the left-invariant vec-
tor fields on the isometry groupG are given by

XA = XM
A(k)

∂
∂kM (4.1)

where

XM
A(k) =

(
C(k)

expC(k)−1

)M

A . (4.2)

andC(k) = kACA. The metric on the groupG is given by

GMN = γABYA
MYB

N , (4.3)

where (YA
M) = (XN

B)−1 is the inverse matrix toXN
B.

Then it is easy to see that the determinant of the metric
is

|G|= detGMN = |γ|detG

(
sinh[C(k)/2]

C(k)/2

)2

, (4.4)

where|γ|= detγAB. Let X2 be the Casimir operator on the
groupG defined by

X2 = γABXAXB . (4.5)

Lemma 4.1. Let Φ(t;k) be a function on the isometry
groupG defined by

Φ(t;k) = (4πt)−N/2detG

(
sinh[C(k)/2]

C(k)/2

)1/2

×exp

{
− 1

4t
〈k,γk〉+ 1

6
RGt

}
, (4.6)

where〈k,γk〉 = γABkAkB. ThenΦ(t;k) satisfies the heat
equation

∂tΦ = |G|1/2X2|G|−1/2Φ , (4.7)

and the initial condition

Φ(0;k) = |γ|−1/2δ(k) . (4.8)

Proof. First, we notice that the function|G|−1/4 satisfies
the following equations

X2|G|−1/4 =
1
6

RG|G|−1/4 , (4.9)

and

kA ∂
∂kA |G|−1/4 =

1
2
(N−XA

A)|G|−1/4 , (4.10)

where
XA

A = trG C(k)/2coth[C(k)/2] . (4.11)

By using these equations we show that eqs. (4.7) and (4.8)
hold by a direct calculation.

One can show that the Laplacian on a symmetric space
is simply the Casimir operator of the isometry group,

∆ = γABξAξB , (4.12)

and, therefore, belongs to the center of the enveloping al-
gebra, i.e.,

[∆,ξA] = 0. (4.13)

Theorem 4.2. Let

Ψ(t) =
Z

RN

dk |γ|1/2Φ(t;k)exp〈k,ξ〉 . (4.14)

ThenΨ(t) satisfies the heat equation

∂tΨ = ∆Ψ (4.15)

with initial condition

Ψ(0) = 1, (4.16)

and, therefore,
Ψ(t) = exp(t∆) . (4.17)

This equation means that the formal power series ast → 0
of both sides of this equation are the same.
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Proof: We have

∂tΨ(t) =
Z

RN

dk |γ|1/2∂tΦ(t;k)exp〈k,ξ〉 . (4.18)

By using the previous Lemma we obtain

∂tΨ(t) =
Z

RN
dk |γ|1/2exp〈k,ξ〉 |G|1/2X2|G|−1/2Φ(t;k) .

(4.19)
Now, by integrating by parts we get

∂tΨ(t) =
Z

RN
dk |γ|1/2Φ(t;k)X2exp〈k,ξ〉 . (4.20)

Next, we show that

XBexp〈k,ξ〉= ξBexp〈k,ξ〉 , (4.21)

and, therefore,

X2exp〈k,ξ〉= ∆exp〈k,ξ〉 . (4.22)

Thus, the functionΨ(t) satisfies the eq. (4.15). The ini-
tial condition (4.16) for the functionΨ(t) follows from the
initial condition (4.8) for the functionΦ(t;k).

4.2 Heat Kernel Diagonal

The heat kernel diagonal can be obtained by acting by the
heat semigroup on the delta-function,

Udiag(t;x) = exp(t∆)δ(x,x′)
∣∣∣
x=x′

. (4.23)

To be able to use integral representation for the heat semi-
group (4.14) obtained above we need to compute the action
of the isometriesexp〈k,ξ〉 on the delta-function.

Lemma 4.3. Let ωi be the canonical coordinates on the
isotropy groupH and(kA) = (qa,ωi) be the natural split-
ting of the canonical coordinates on the isometry groupG.
Then

exp〈k,ξ〉δ(x,x′)
∣∣∣
x=x′

= |η|−1/2

×detTM

(
sinh[D(ω)/2]

D(ω)/2

)−1

δ(q) , (4.24)

whereD(ω) = ωiDi and|η|= detgab.

Proof. We choose the normal coordinatesya with the ori-
gin atx′ defined above and consider the equation of char-
acteristics

dya

ds
=

(√
K(y)cot

√
K(y)

)a

b
qb−ωiDa

ibyb . (4.25)

By expanding the right hand side in the Taylor series we
get

dya

ds
= qa−ωiDa

ibyb− 1
2

βi j ggbD
a

icDg
jdycydqb +O(y3) .

(4.26)
Let f a(s,q,ω) be the solution of the equation of character-
istics with the initial condition

f a(0,q,ω) = 0. (4.27)

Up to quadratic terms we obtain

f a(s,q,ω) =
(

1−exp[−sD(ω)]
D(ω)

)a

bqb +O(q2) (4.28)

In particular, we find the Jacobian

J(ω) = det

(
∂ f a

∂qb

)

q=0,s=1
= detTM

(
sinh[D(ω)/2]

D(ω)/2

)
.

(4.29)
Then we have

exp〈k,ξ〉δ(x,x′)
∣∣∣
x=x′

= |η|−1/2δ( f (1,q,ω)) . (4.30)

By noticing that
f a(1,0,ω) = 0, (4.31)

we finally obtain

δ( f (1,q,ω)) = |η|−1/2J(ω)δ(q) , (4.32)

which proves the lemma.
One remark is in order here. We implicitly assumed here

thatq = 0 is the only solution of the equation

f a(1,q,ω) = 0. (4.33)

This is not necessarily true. This is the equation of closed
orbits of isometries and it has multiple solutions on com-
pact symmetric spaces. However, these global solutions,
which reflect the global topological structure of the mani-
fold, will not affect our local analysis. In particular, they
do not affect the asymptotics of the heat kernel. That is
why, we have neglected them here.

Now by using the above lemmas and the theorem we can
compute the heat kernel diagonal.
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Corollary 4.4. The asymptotic expansion of the heat ker-
nel diagonal ast → 0 is given by the formal asymptotic
expansion of the function

Udiag(t) ∼ (4πt)−n/2exp

{(
1
8

R+
1
6

RH

)
t

}

×
Z

Rp

dω
(4π)p/2

|β|1/2exp

{
−1

4
〈ω,βω〉

}

×detH

(
sinh

[√
t F(ω)/2

]
√

t F(ω)/2

)1/2

×detTM

(
sinh

[√
t D(ω)/2

]
√

t D(ω)/2

)−1/2

.

(4.34)

Proof. First, for the splitting(kA) = (qa,ωi) we havedk=
dq dω. We compute the determinants of the metric (3.8)

|γ|= |β| |η| , (4.35)

where|β| = detβik. By using the equations (4.14), (4.17),
and (4.24) and integrating overq we obtain the heat kernel
diagonal

Udiag(t) =
Z

Rp

dω |β|1/2Φ(t;0,ω)J(ω) , (4.36)

whereJ(ω) is given by (4.29). Further, by using the eq.
(3.10) we compute the determinants

detG

(
sinh[C(ω)/2]

C(ω)/2

)
= detTM

(
sinh[D(ω)/2]

D(ω)/2

)

×detH

(
sinh[F(ω)/2]

F(ω)/2

)
. (4.37)

whereF(ω) = ωiFi . By using eqs. (4.6), (4.29) and (4.34)
after scaling the integration variablesω→√

t ω we obtain
finally (4.34).

4.3 Heat Kernel Asymptotics

We introduce a Gaussian average overω by

〈 f (ω)〉=
Z

Rp

dω
(4π)p/2

|β|1/2exp

(
−1

4
〈ω,βω〉

)
f (ω)

(4.38)

Then

Udiag(t) = (4πt)−n/2exp

{(
1
8

R+
1
6

RH

)
t

}
(4.39)

×
〈

detH

(
sinh

[√
t F(ω)/2

]
√

t F(ω)/2

)1/2

×detTM

(
sinh

[√
t D(ω)/2

]
√

t D(ω)/2

)−1/2〉

This equation can be used now to generate all heat ker-
nel coefficientsak for any locally symmetric space simply
by expanding it in a power series int. By using the stan-
dard Gaussian averages

〈
ωi

1 · · ·ωi2k+1
〉

= 0, (4.40)
〈
ωi1 · · ·ωi2k

〉
=

(2k)!
22kk!

β(i1i2 · · ·βi2k−1i2k) (4.41)

one can obtain now all heat kernel coefficients in terms of
various contractions

trβ [F⊗·· ·⊗F trg(D⊗·· ·⊗D)] (4.42)

of the matricesDa
ib and F j ik with the matricesβik and

gab. All these quantities are curvature invariants and can
be expressed directly in terms of the Riemann tensor.

There is an alternative representation of the Gaussian av-
erage in purely algebraic terms. Letb j andb∗k be operators
acting on a Hilbert space, called creation and annihilation
operators, that satisfy the following commutation relations

[b j ,b∗k] = δ j
k , (4.43)

[b j ,bk] = [b∗j ,b
∗
k] = 0. (4.44)

Let |0〉 be a unit vector in the Hilbert space, called the vac-
uum vector, that satisfies the equations

〈0|0〉= 1, (4.45)

b j |0〉= 〈0|b∗k = 0. (4.46)

Then the Gaussian average is nothing but the vacuum ex-
pectation value

〈 f (ω)〉= 〈0| f (b)exp〈b∗,βb∗〉|0〉 , (4.47)

where〈b∗,βb∗〉 = β jkb∗j b
∗
k . This should be computed by

socalled normal ordering, that is, by simply commuting
the operatorsb j through the operatorsb∗k until they hit the
vacuum vector giving zero. The remaining non-zero com-
mutation terms precisely reproduce the eqs. (4.40), (4.41).
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