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Abstract

In this paper, we investigate the mild solutions of a Cauchy problem for abstract frac-

tional differential equations with infinite delay. Several theorems of existence and

unigueness of mild solutions are established. An example is also given to illustrate our
main result.
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1 Introduction

Recently, fractional differential equations have been of much interest to many researchers
due to its applications in various fields, such as physics, chemistry, engineering, etc (see
e.g., [10], [13] for more details). Nice results on fractional differential equatioishave
been obtained by V. Lakshmikantham and A.S Vatsala-{#f] and other researchers (see
e.g., [1, 2, 12, 15]). To the best of the author’s knowledge, results for fractional differential
equations in general Banach spaces even without delay are rare (cf. G.Méelkata
[11]).

In this paper, we consider the following Cauchy problem for abstract fractional differ-
ential equation with infinite delay:

{ DIx(t) = f(t,X(t),%), te[0,T] (1.1)
X0 =@

where 0< <1, 0<T <o, ge P, X is a Banach space? is a phase space and
f e C([0,T] x X x P).
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After the work of J.K. Hale and J. Kato [3] and K. Schumacher [14], phase spaces have
been widely used in the study of various differential equations with infinite delay. For more
details, see e.qg., [7] -[9].

2 Preliminaries

Throughout this pap€iX, || - ||) will be a Banach space ang(-) := x(t +-) is valued inX.
The phase spade?, || - ||») is a Banach space consisting of functions froaw, 0] into X
satisfying the following assumptions

(H1) For anyto € R anda > 0, if x: (—,tp+a] — X is continuous orijt,to + a and
X, € P, thenx € P andx is continuous irt € [to,to+ 4.

(H2) There exist nonnegative, measurable, and locally bounded fundignandM(t)
of t > 0 such that

I%[le < K(t—to) sup [X(s)[| +M(t—to)[Xoll»

se(to,t]
fort € [to,to+a] andx as in(Hs).

Phase space is a classical concept in the study of functional differential equations with
infinite delay. Some examples of phase spaces were given in [7].

Definition 2.1. A mild solution of (1.1) is a function x(—e, T] — X which is continuous
in [0, T] and satisfies

() — ®0) + ri Jo(t —9) V(s X(5), x)ds  te[0,T]
)= o(t), t € (—,0].

=

(2.1)

3 Main results
We further assume that:
(H3) There is a positive constahtsuch that
[1F(t,ug,va) = F(t, Uz, v2) || < L([Jur — Uz +[[va —Vall)
forallt € [0,T], up,u2 € X, Vi,V € P.
(Hs) There is a positive functiop(t) € L2(0, T) such that
[1F(t, g, va) — f(t, U, vo) || < (t) (fJlur — Uzl + [V — V2l 2)
forallt € [0,T], up,uz € X, vq,v2 € P.
(Hs) For everyr > 0 there exist a constah{r) > 0 such that
[t ug,va) — F(t, g, v2) || < L(r)(flus — U2l + [vi — V2 2).

for any [[ug |, luz[l, [Ivi[|2, [[val| 2 <.
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Under conditionHz), we have a basic theorem.

Theorem 3.1. Let f € C([0, T] x X x P) and satisfiegH3). Then (1.1) has a unique mild
solution.

Proof. We denoteP®T) := {x: (e, T] — X; X|jg7] € C([0,T],X) andxo € #}. Then,
P07l is a Banach space under the norm:

X[l por) :=sup [[x(t)][ + [[%oll 2-

te[0,T]

For eachpe 2, let T(LO’T] = {xe POTl; xo=@}. Clearly, fP(LO’ﬂ is a closed convex subset
of 20T, We define the nonlinear operator

®0) + g Jo(t =9 T V(s x(s),%)ds  te[0,T]

Qt), t € (—,0]. (3.1

(FX)(t) = {

into itself. Moreover, fot € [0, T], X,y € LP[O’T], we have

Itis easy to see th&t mapsfP[O’T] o

¢
1 t
H(FX)(t)—(FY)(t)IIZ\Ii/O(t— ) Y[f(s.x(8), %) — f(5,¥(9),y5)ld]|

/ot(t— ) UL[X(8) —Y(8)| + %5 — sl ]IS

1+ sup K(t)) sup ||x(s) —y(s
FgrD (L, 2R K(D) sup lx(s) (9]

by (H2).
Furthermore, by induction, we g&t= 1,2, ...

keyey ek L¥tka K B
[(F™)(t) — (Fy)(O)] < F(kq+1)(1+t:[3$]K(t)) ;B?}HX(S) y(s)ll-

Since Iimﬂw%(l—k SURc(0T] K(t))* = 0, we can choose an integer k large enough
such that¥ is a contraction orf’(LO’T]. Therefore, by a well known extension of the con-

(0,T]

traction mapping theorenf, has a unique fixed pointe Z,” ' which is the mild solution

of (1.1). O

Remark3.2 This theorem extends the result of Theorem 3.3 in [1] even in the case that
X=R.

If % < g <1, we have a more general theorem.

Theorem 3.3. Let f € C([0,T] x X x ) and satisfiegHa). If 3 < q < 1, then (1.1) has a
unique mild solution.
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Proof. Let F be the operator defined above ane ||l 2o 1). Then for anyt € [0, T],
(0.T]

X,y € LP(p , we have
1 t
PO~ FNOI = 7 || =9V 1(sx(9)5) ~ F(s¥(5).ys)lds]
: ”r<1q>/ot<t— ) D(S)[[Ix(s) — V()| + || — ysll]ds
1 gy
< g (1 3up K(1) sup [x(9) (9 / (t—9) T p(s)ds

(
| _ _g2a-Dgg}

r<q><1+t;g$}’<<>>s§gg”x<5> y(sw/0 (t -2 Dds
(

= @@ (1+tes[g$]K(t))s§[%i)]”X(S)_y(s)”'

By induction, fork =1,2,..., we have

NI

2q1

(29— 1)2t X (14 sup K(t))k sup [|x(s) = y(9)|-

F*)(t) — (Fry)(t)]| < :
[(F%)(t) — (Fy) )]l < M@ T (k2q—1)+1)% tepo] se(oy]

Standard argument shows ttrahas a unique fixed point iﬂ?(LO’T] which is the mild solution
of (1.1). O

Under conditionHs), we first establish a local existence theorem.

Theorem 3.4.Let f € C([0, T] x X x ) and satisfiegHs). Then, there exists a real number
"€ (0,T) such that (1.1) has a unique mild solution on the interfvado, T').

Proof. Take a real numbea > 0. We denote

Pan = {xe 2T sup [Ix(t)] < |@(0)] +a}.
t€[0,T]

Set

b= sup {K(U.M(0). @O [}, T = max{a+b.ba+2b)}

Itis clear that, foix € fP(Loéﬂ

<r.
max ([x(0) [} <

Fort € [0, T] andx € fP(La | we have

IFx(t) —@(0)]| < r( (IIf(t,0,0)[| +2rL(r))

1
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Moreover, forx,y € ?(L?AT] andt € [0,T]

LM 1 by sup [x(9) - ()]

[FX(Q ~ PO < g (1+b) sup

Therefore, for any given & € < 1, there is a real numbédr’ € (0,T) such that forx,y €
Toa |
max [Fx(t) ~ ¢(0) < a
IFX—FYll por < €[X=Yl| por-

By the contraction mapping theorefmhas a unique fixed point iﬁq[)?g/], which is the mild
solution of (1.1) on(—o, T). O
Theorem 3.5. Let f € C([0, T] x X x P) and satisfiegHs). A mild solution of (1.1) is
unique on any interval—oo, 1] C (—oo, T, if it exists.
Proof. Letu,v be two mild solutions of (1.1) of—o, T]. Set

to =max{t € [0,T]; ulpy = V|poy}-
If to < T, consider the equation

{ )[::X:(t&to: ftx(t),%), telto,T] (3.2)

Similarly as the proof of theorem (3.4), we can fing @ (0, T —tg] such that Eq.(3.2) has
a unique solution offtg,to + Y| which contradicts the definition @§. Thus we havég =t
and complete our proof. O

Definition 3.6. A function x is a maximum mild solution of (1.1) if x is the mild solution of
(1.1) on(—oo,t], moreover, for any y is a mild solution of (1.1) oA, 1], thent <t.

Next, we extends the mild solution to the maximum one.

Theorem 3.7. Let f € C([0,T] x X x P) and satisfiegHs). If x is the maximum mild
solution of (1.1) or{—, Tp). Then any one of the following conditions holds.

(C1) To=T
(Co) limsup . (1) = .

Proof. Assume thaflp < T, we take 0< ¢ <T —To. If lim sup_1-[|x(t)[| < e, then there
exists a constarii; such that

max{ sup {K(t),M(t)}, sup [Ix(t)],[¢llz} < b.
te[0,To+c] te[0,To)

Set

To, T [0,T¢
T = YE 2 Ve =X To)s, _ max IIY( ) < [X(To) || + @}
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[To,To+c]
T¢ a1 !

Chooser1 = max{as + bi,bi(ai1 +2bs)}. Then for anyy €

<Tr1.
max {1y [} < s

Define the nonlinear operator

_ X(To) + 1 ROt —-9) O V(s y(s),¥s)ds  t e [To,To+]
(Fy)(t) —{ (), e (e To). (3.3)

Same reason as in theorem (3.4), there exists [0,c| such thatF has a unique fixed

point in 5P“°’T0+d] This fixed point will extends the mild solutionto (—oo, T+ ¢/ which
contrad|cts the definition of,. O

4 Anexample

To illustrate the usefulness of our main result, we consider the following Cauchy problem

2
{ D) = 1 (K1) +%(~30), e[0T @.1)
X =@

whereL > 0 and@ € ? := {@(8); @(0) is bounded uniformly continuous function from
(—00,0] to X} with the norm

19()llz = sup [[@(6)].

0e(—,0]
Clearly, is a phase space (see [7]). Set

Lt2 1

f(t,u,v) = m(quv(—ét)),

where(t,u,v) € [0,T] x X x 2. Then, we have

Lt? 1 1
lth2(||Ul — U] + \|V1(—§t) —Vz(—ét)H)
< L(JJup — e[| + [[ve — V2| 2),

||f(t,U1,V1) — f(t U2,V2)H <

which means thatH3) holds. By theorem (3.1), Eq.(4.1) has a unique mild solution on
(_°°7T]'
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